It is studied how rank two pure subgroups of a torsion-free Abelian group of rank three influences its structure and type set. In particular, the criterion for such a subgroup B to be a direct summand of a torsion-free Abelian group of rank three with the finite type set containing the greatest element which does not belong to the type set of B, is presented. Some results for nil groups and the square subgroup of a decomposable torsion-free Abelian group are also achieved. Moreover, new results for mixed Abelian groups supporting only associative rings are obtained. In particular, the first example of an Abelian group supporting only associative rings but not only commutative rings is given.
Introduction and Preliminaries
In [18] , Hasani, Karimi, Najafizadeh and Sadeghi have studied the square subgroup of a torsion-free Abelian group A = A 1 ⊕ A 2 of rank three, assuming that 2. On some specific torsion-free Abelian groups of rank three, rings on them and their type sets
The complete preliminary knowledge of characteristics, types and type set of an Abelian torsion-free group is contained in [14, 17] . Retaining the notation of [17] we remind the reader only the most basic properties of characteristics and types which will be used often throughout the paper. They are listed in the following lemma.
Lemma 2.1. Let A, B and C be torsion-free Abelian groups and let G be a pure subgroup of A.
(1) χ(a + b) ≥ χ(a) ∩ χ(b) and t(a + b) ≥ t(a) ∩ t(b) for all a, b ∈ A.
(2) If A = B ⊕ C, b ∈ B and c ∈ C, then χ(b + c) = χ(b) ∩ χ(c) and t(b + c) = t(b) ∩ t(c).
(3) χ A/G (a + G) = x∈a+G χ A (x) for every a ∈ A.
(4) t G (g) = t A (g) for every g ∈ G.
(
5) If a and b are dependent elements of A, then t(a) = t(b).
(6) If f ∈ Hom(A, B), then χ A f (a) ≥ χ B (a) and t f (a) ≥ t(a) for every a ∈ A. Proof. The proofs of (1)- (7) can be found in [14, 17] . Property (8) is placed in [3, Lemma 1] (if a ⋆ b = 0, then the assertion is obvious).
Proposition 2.2. Let A be a torsion-free Abelian group of rank three with T (A)
containing distinct maximal types t 1 , t 2 , t 3 and let x 1 , x 2 , x 3 be elements of A respectively of types t 1 , t 2 , t 3 . If
contains no more maximal types and t 2 i = t i for some i ∈ {1, 2, 3}.
Proof. Let G = x 1 , x 2 * . Suppose, contrary to our claim, that the system {x 1 , x 2 , x 3 } is dependent. Since elements x 1 , x 2 , x 3 are pairwise independent (cf. (5)), there exist nonzero integers k 1 , k 2 , k 3 such that k 3 x 3 = k 1 x 1 + k 2 x 2 . Hence x 3 ∈ G. Moreover, t G (x 3 ) = t 3 by (4). Consequently, T (G) contains three maximal elements, contrary to [22, Theorem 3.3] . Therefore A = x 1 , x 2 , x 3 * . Now, the second assertion follows at once form [19 Proof. Since t 1 < t 2 < t 3 , we get A(t 3 ) A(t 2 ) A(t 1 ). Take any x 1 , x 2 , x 3 ∈ A satisfying t(x i ) = t i for each i ∈ {1, 2, 3}. Then x 1 , x 2 , x 3 are pairwise independent. Hence r A(t 1 ) = 2 or r A(t 1 ) = 3. Since A(t 2 ) is a pure subgroup of A, we infer that the first eventuality implies A(t 2 ) = A(t 1 ) so it is impossible. Therefore r A(t 1 ) = 3. Now, the purity of A(t 1 ) in A implies A = A(t 1 ) and, consequently, It is a well-known fact that if I is an ideal in associative ring R and the ring I is unital, then R = I ⊕ J for some J R. We will use this observation in the following remark related to the group A described in Proposition 2.4.
Remark 2.5. Let I = A(t 3 ). Suppose that R = (A, * ) is an associative semiprime ring. Then I * I = {0} because I R. By similar argument as in the proof of Proposition 2.4 we infer that r(I) = 1. Therefore I can be treated as a subgroup of Q + . Then, it follows from [25, Remark 4.2] that there exists q ∈ I \ {0} such that for all x, y ∈ I we have x * y = x · q · y. If q −1 ∈ I, then the ring I is unital and, consequently, I is a direct summand of A. Proposition 2.6. Let A be a torsion-free Abelian group of rank n such that T (A) contains distinct maximal types t 0 , t 1 , . . . , t n , let x 0 , x 1 , . . . , x n be elements of A respectively of these types and let S = {x 0 , x 1 , . . . , x n }. If every subset of S of cardinality n is independent, then A is a nil group.
Proof. As r(A) = n we infer that {x 1 , x 2 , . . . , x n } is a maximal independent system of A. Hence, there exist k 0 , k 1 , . . . , k n ∈ Z such that k 0 = 0 and
Since every subset of S of cardinality n is independent, we obtain k i = 0 for each i ∈ {1, 2, . . . , n}. Take any i ∈ {1, 2, . . . , n}. Consider an arbitrary ring (A, ·). Then (8) and (7) of Lemma 2.1 imply that t(x 0 x i ) ≥ t i . Suppose contrary to our claim that x 0 x i = 0. Then, the maximality of t i in T (A) implies that t(x 0 x i ) = t i . But it is impossible, because types t 1 , t 2 , . . . , t n are distinct and i has been chosen arbitrarily. Moreover, A = x 1 , x 2 , . . . , x n * so x 0 · A = A · x 0 = {0}. By similar arguments, we get x r x s = 0 for all distinct r, s ∈ {1, 2, . . . , n}. Thus, by (1), we get k i x 2 i = 0. As k i = 0 we obtain x 2 i = 0. Consequently, the arbitrary choice of i implies that A 2 = {0}. Therefore A is a nil group. Theorem 2.7. Let A be a torsion-free Abelian group of rank three contains elements x 1 , x 2 , x 3 respectively of types t 1 , t 2 , t 3 satisfying t 1 = t 2 , t 1 < t 3 , t 2 < t 3 and let B = x 1 , x 2 * . If T (A) < ∞ and t 3 is the greatest element of T (A), then the following conditions are equivalent:
In particular, if B is a direct summand of A, B = {0} and (A/B) = {0}, then
Proof. Suppose, contrary to our claim, that x 3 ∈ B. Then t 3 ∈ T (B), by (4). It follows from [20, Corollary 1.9] that t 1 ∩ t 2 ∈ T (B). Hence, T (B) contains a chain of length three, in contradiction to [9, Theorem 9.1]. Thus x 3 ∈ B and, consequently, A/B is a rank one group of type t A/B (x 3 + B).
. First suppose that |Ω| < ∞. We will show that t A/B (x 3 + B) = t 3 . Since t 3 is the greatest element of T (A), for each b ∈ Ω there exists n b ∈ N such that χ A (
Hence, by (3), we obtain χ A/B (x 3 + B) ≤ χ A (x 3 ). Therefore, t A/B (x 3 +B) ≤ t A (N x 3 ) and, consequently, t A/B (x 3 +B) ≤ t 3 . Moreover, the opposite inequality follows at once from (6) if we put the canonical epimorphism f : A → A/B. Thus, B is a direct summand of A by [17, Theorem 86.5] . Conversely, if B is a direct summand of A, then A = x 3 * ⊕ B because of x 3 ∈ B. Hence, by (2), we obtain χ A (
Consequently, Ω = ∅. This completes the proof of (i) ⇔ (ii).
If (A/B) = {0}, then t 2 3 = t 3 (cf. 
induces a ring structure on B. Thus, if a ∈ A, then π(a) ∈ B. Next, A (t 3 ) ⊆ x 3 * because of t 3 ∈ T (B), t 3 is the greatest element of T (A), A = x 3 * ⊕ B and (2). The opposite inclusion is obvious so x 3 * is an ideal in every ring on A. Therefore A ⊆ x 3 * ⊕ B. Of course, a A ⊆ A so, finally, a A = A = x 3 * ⊕ B.
Remark 2.8. The existence of an Abelian group A of rank three with the finite type set T (A) containing distinct types t 1 , t 2 and t 3 where t 3 is the greatest element of T (A) is proved in [20] (see, Example 1.10 and Theorem 2.1 with the Remark placed under it). Please note that in contrast to [14] and this article, in the mentioned paper the type t ∞ of 0 belongs to the type set of A.
Remark 2.9. If the group B is indecomposable, then B is described in the proofs of Theorem 3.2 and Lemmas 4.2 and 4.3 placed in [4] . Otherwise, it is described in Theorem 3.6 of [26] .
Remark 2.10. Notice that if T (B) = 3 and B = {0}, then the assumption T (A) ≤ ∞ is not needed. In fact, it follows from [22, p. 204] and (4) that T (B) = {t 0 , t 1 , t 2 } for some t 0 , t 1 , t 2 ∈ T (A) where t 0 is a minimal type in T (B) and t 1 , t 2 are maximal types in T (B). Hence t 3 ∈ T (B) and, consequently, x 3 ∈ B.
Some new results for additive groups of associative rings
Abelian groups supporting only associative rings are called AR-groups. An Abelian group A is called a CR-group if every ring R with R + = A is commutative. If A satisfies the condition CR restricted to the class of associative rings, then A is called an ACR-group. As was mentioned in the Introduction, these groups were partially examined in [7, 16] . In this section we present some new results concerning AR-groups. Furthermore, we generalize some results related to (A)CR-groups placed in [7] . The symbol P(A) means the set of all primes p for which the pcomponent A p of A is nontrivial. Proposition 3.1. Every CR-group is an AR-group.
Proof. Consider an arbitrary CR-group A. Take any * ∈ Mult(A) and a ∈ A. An easy computation shows that the multiplication x 1 ⊛ x 2 = x 1 * (a * x 2 ) for all x 1 , x 2 ∈ A, induces a ring structure on A. Take any x, y ∈ A. As A is a CR-group, we get x ⊛ y = y ⊛ x, i.e., x * (a * y) = y * (a * x). Moreover, the multiplication * is also commutative so x * (a * y) = (a * x) * y = (x * a) * y. Since x, y and a have been chosen arbitrarily, we infer that (A, * ) is an associative ring. Consequently, A is an AR-group. Remark 3.2. In [7] , Abelian groups satisfying both conditions AR and CR were called SACR-groups. This abbreviation comes from strongly associative and commutative additive groups of rings and it is consistent with Feigelstock's suggestion concerning naming of Abelian groups satisfying some fixed ring properties (see, [14, p. 36] ). In view of Proposition 3.1 the conditions CR and SACR are equivalent. Moreover, for torsion Abelian groups all the conditions: CR, AR and ACR are equivalent (see, [7, Remark 2.3] ). For all these reasons, we prefer the prefix SACR to the prefix CR. Theorem 3.3. If C is a nontrivial torsion SACR-group and A is a torsion-free nil group satisfying A = pA for each p ∈ P(C), then G = C ⊕ A is an AR-group.
Proof. Let D be the greatest divisible subgroup of C and let K be a complement of D in C. Then G = K ⊕ D ⊕ A. The basic properties of the tensor product of Abelian groups and groups of homomorphism together with [7, Remark 2.3] and [16, Theorem 5] 
Moreover, it follows from [7, Remark 2.3] that K is an SACR-group so if * ∈ Mult(G), then there exist associative and commutative ring (K, ⋄) and a homo- 0) . Therefore the ring (G, * ) is associative. Finally, G is an AR-group. Remark 3.4. Suppose that A is a rank one group. Then a 1 ⊗ a 2 = a 2 ⊗ a 1 and
. Combining this with the reasoning presented in the proof of Theorem 3.3 we infer that the ring (G, * ) is commutative. Hence, by Proposition 3.1 (or Theorem 3.3), we infer that G is an SACR-group.
In view of Theorem 3.3 and Remark 3.4, Proposition 2.17 from [7] can be somewhat generalized: Proposition 3.5. If C is a nontrivial torsion SACR-group and A is a subgroup of Q + such that A = pA for each p ∈ P(C), then G = C ⊕ A is an SACR-group. Theorem 3.3 is useful in indicating the first example of an AR-group which is not an SACR-group. ACR-groups such that P(A) = {p} and A p is neither divisible nor reduced are described in Proposition 3.5. In particular, they are SACR-groups.
